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Superlogarithmic estimates on 
pseudoconvex domains and CR manifolds 

By J. J. Kohn* 
Abstract 

This paper is concerned with proving superlogarithmic estimates for the 
operator □& on pseudoconvex CR manifolds and using them to establish hy- 
poellipticity of □& and of the 9-Neumann problem. These estimates are estab- 
lished under the assumption that subellipticity degenerates in certain specified 
ways. 

1. Introduction 

Let C X be a domain with a smooth boundary in a complex manifold X. 
If h is a holomorphic function on $7 which is smooth up to the boundary we 
denote by h the restriction of h to the boundary of Then h satisfies the 
the tangential Cauchy-Riemann equations: d^h = 0. The operator d b can be 
extended to forms on the boundary; this extension is useful in studying the 
boundary values of <9-closed forms (see [KR]). In [Kl] I defined db and the 
associated Laplacian 

(i.i) a b = d b 8* b + 8* b 8 b 

on forms on abstract CR manifolds. The operator O b is then used to study 
d b . The analysis of D b on (p, g)-forms on compact strongly pseudoconvex CR 
manifolds M of dimension greater than three with < q < l/2(dimM — 1) 
is carried out in [Kl]. To analyze the operator on (p, g)-forms with < 
Q < l/2(dimM — 1) and dimM > 3 we need to use microlocal analysis; see 
[K3]. Microlocal analysis is also used to prove that the operators and □& 
have a closed range if M is the boundary of a domain in a Stein manifold (see 
[K4]). In this paper we show how microlocal estimates for □& imply estimates 
for the <9-Neumann problem. In particular we investigate superlogarithmic 
estimates but the technique presented here works for subelliptic and other 
types of estimates as well. 
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Let M be a pseudoconvex CR manifold of dimension 2n — 1. We say that 
□6 is hypoelliptic at x Q € M if whenever □599 is C°° in some neighborhood of 
x then ip is C°° in a neighborhood of x D . If is hypoelliptic on (0, 1) forms 
then we conclude that: 1. The restriction of db to the orthogonal complement 
of square integrable CR functions (i.e. functions in the null space of db) is 
hypoelliptic. 2. If the square integrable function / is C°° in a neighborhood 
of x € M then S&/, the orthogonal projection of / to the space of square- 
integrable CR functions, is also C°° in the same neighborhood. 

Hypoellipticity is a consequence of subellipticity (see [KN]). The operator 
□& is subelliptic at x Q if there exist a neighborhood U and positive constants e 
and C such that 



for all cp 6 Cq°(U). Such estimates for the closely related 9-Neumann problem 
have been studied extensively. The necessary and sufficient condition for such 
an estimate to hold for the 9-Neumann problem near a point in the boundary 
of a pseudoconvex domain is that the D'Angelo type at the point is finite (see 
[D] and [C]). The approach to the problem taken in [K2] is via subelliptic 
multipliers; this leads to the condition of "finite ideal type", which is sufficient 
for subellipticity. This condition is probably equivalent to the finite D'Angelo 
type. In the appendix there is a discussion of these matters and of their 
extension to CR manifolds. 

Throughout this paper we will deal with (p, c/)-forms. However, in all 
proofs we will restrict ourselves to the case of (0, g)-forms, since we consider 
only local properties where the extension from type (0, q) to type (p, q) is trivial. 
To prove a priori estimates for (0, g)-forms we will write the decomposition 
ip = ip° + ip + + ip~ ; the precise definition will be given in the next section. The 
method is to prove estimates analogous to (1.2) with ip replaced by 92 , tp + , 
and (p~ , respectively. The case of (p° being particularly simple, we have 



this is the "elliptic" case with e = 1 and holds on all CR manifolds. To study 
the other microlocalizations we consider the ideals X+(xo) and T~(xq) defined 
(approximately) as follows (the precise definition will be given in Section 5). 



(1.2) 



M\ 2 £ <C(a h p,v) = CQ b (p,v), 



(1.3) 



P°\\i<CQb(p ^ ); 




(1.4) 




and p 6 1 (xq) if 



(1.5) 




SUPERLOGARITHMIC ESTIMATES 



215 



Thus if 1 € Z+(xo) nX^(xo) we obtain (1.2). In the appendix we give explicit 
formulas for elements of these ideals and also the definition of finite ideal q- 
type. In general we have X+(xo) C Z^,{xq) if q < q' and X+(xo) = 3-n-q-i( x o) ■ 
Hence, 

^(xo)nx-(xo)={^; xo ! ^;!; n "!!- 

q q 1 X ? (xq) ifq> i(n - 1) 



We also have Tq(xq) = X~_ 1 (a;o) = {0} and so the estimate (1.2) cannot 
hold for (0, 0)-forms, i.e. functions, or for (0, n — l)-forms. In fact, for pseu- 
doconvex compact CR manifolds, the nullspaces of □& on functions and on 
(0, n — l)-forms are in general infinite-dimensional (on boundaries of domains 
in complex manifolds O b h = is equivalent to the condition that h is the re- 
striction of a holomorphic function). It is then natural to impose the global 
condition of orthogonality to the nullspace of but even this assumption is 
not sufficient. Rossi (see [R]) has given an example of a strongly pseudoconvex 
three-dimensional CR manifold for which the Szego projection does not pre- 
serve smoothness and hence the restriction of Dj, to the orthogonal complement 
of its nullspace is not hypoelliptic. In [K3] it is shown that for compact pseu- 
doconvex CR manifolds on which the range of Bb is closed in L2 and for which 
1 £ Ii(xq) the restriction of O b to the orthogonal complement of its nullspace 
is globally hypoelliptic. This closed-range property is proved for compact CR 
manifolds that are boundaries of domains in Stein manifolds (see [K4]). 

The problem is to find conditions under which hypoellipticity holds when 
subellipticity fails. The most desirable condition is a purely geometric con- 
dition such as in Fedii's theorem (see [F]), which states that the operator 
-g^z + a{x)-^-p with a G C°° is hypoelliptic if a(x) > when 1 / 0. In [K6] 
Fedii's result is generalized to degenerate subelliptic operators in any dimen- 
sion. This phenomenon appears on CR manifolds; thus on a pseudoconvex 
CR manifold O b is hypoelliptic in a neighborhood U of x Q if it is subelliptic at 
all x with x 7^ x . The natural geometric condition for hypoellipticity seems 
to be that the points where subellipticity fails are contained in a real curve 
transversal to the "good" directions (i.e. the tangent vectors to the curve do 
not lie in T^ 1 ' ) + T^ ' 1 )); this is true for certain classes of CR manifolds (see 
[K5] and [K6]) but Christ has shown that it is false in general (see [Ch2]). 
The example of Kusuoka and Stroock (see [KS]) illustrates that, in general, 
the geometry alone of the set on which the operator degenerates does not give 
sufficient information to determine whether it is hypoelliptic. They study the 
operator + a 2 {x)-^p + Jp- in M 3 with a(x) 7^ if x 7^ and prove that 
it is hypoelliptic if and only if \im x ^o x\oga(x) = 0. Hypoellipticity of such 
operators is obtained by use of superlogarithmic estimates (see [Chi] and [M]). 
Superlogarithmic estimates for U b are formulated as follows. 
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Definition 1.1. If M is a CR manifold and x Q G M then a superloga- 
rithmic estimate holds for □& on positively microlocalized (p, g)-forms at x Q if 
there exists a neighborhood U of x Q such that for each 5 > there exists C5 
such that 

(1.6) ||(logA)</? + || 2 < <5Q b (^+ y>+) + C 5 \W + \\ 2 , 

for all (p, q) forms </? with support in U. Here A denotes the square root of 
the Laplacian. A superlogarithmic estimate holds for □& on negatively microlo- 
calized (p, g)-forms at x Q if the above holds with (p + replaced by ip~ . In that 

case 

(1.7) ||(logA)v9-|| 2 <5Q h (ip~^') + C 5 \\ip~\\ 2 . 

Here we will prove superlogarithmic estimates of the form (1.6) and (1.7) 
when there exists a subelliptic multiplier p which may go to zero on a subman- 
ifold S at a controlled rate. The condition which we will use is the following: 

(1.8) limd(a;,S)log|p(aO| = 0, 

where d(x, S) denotes the distance from x to S. Our results will impose con- 
ditions on the holomorphic dimension of S; this concept will be recalled in 
Section 4. 

Theorem 1.2. Let M be a pseudoconvex CR manifold. Let S C M 
be a manifold such that the holomorphic dimension of S at each point is less 
than or equal to q — 1. Let xo G S and p G I^{xq). Suppose that p satisfies 
(1.8); then there exists a neighborhood U of xq on which the superlogarithmic 
estimate (1.6) is satisfied for all (0,q)- forms with support in U. 

Theorem 1.3. Let M be a pseudoconvex CR manifold. Let S C M be a 
manifold such that the holomorphic dimension of S at each point is less than 
or equal to n — q — 2. Let xo G S and p G I~{xq). Suppose that p satisfies 

(1.8) ; then there exists a neighborhood U of xq on which the superlogarithmic 
estimate (1.7) is satisfied for all (0,q)-forms with support in U. 

One of the crucial steps in proving these results is the following localization 
lemma, which may be of independent interest. 

Lemma 1.4 (Localization Lemma). Let M be pseudoconvex CR manifold 
and let S C M be a submanifold of holomorphic dimension less than or equal 
to m. Let xq G S. For small positive a let S a denote the set of x G M such 
that d(x, S) < a. Then there exists a neighborhood U of xo and a constant C 
such that 

(1.9) ||^ + ||| H < c(a 2 Q b (v + ^+) + \\<p + \\ 2 M _ Sa + \\<P + \\-i), 
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for all (p, q)- forms if with q>m + I supported in U. Furthermore, 

(1.10) ||^-||| o < c{a 2 Q b (^-^-) + y-\\ 2 M -s a + ll^ + H 2 i), 

for all (p,q) -forms p with q < n — m — 2 supported in U. Here \\ \\s a and 
j ||m-5 b denote Li-norms over S a and M — S a , respectively. 

These theorems imply that the super logarithmic estimate 

(1.11) IKlogAVII 2 <5Q b (p,if) + C s \\p\\ 2 

holds, when M is pseudoconvex, for (0, g)-forms supported in U whenever 
(1.8) with p G Z+(x ) fll^fio) holds for S of holomorphic dimension m < 
min{(/ — l,n — q — 2}. Note that the estimate (1.11) cannot hold if q = or 
q = n — 1. 

The superlogarithmic estimates (1.6), (1.7), and (1.11) imply the following 
results concerning hypoellipticity. 

Theorem 1.5. Let M be a pseudoconvex CR manifold and let x$ £ M 
such that (1.11) holds for (p,q)-forms supported in a neighborhood U of xq. 
Suppose that <p and a are {jp,q)~ forms on M in Li{M} such that □&(</?) = a. 
Suppose further that the restriction of a to U is in C°°(U). Then the restriction 
of if to U is also in C°°(U). 

Denote by H b ' q (M) the nullspace of O b on (p, g)-forms. If M is compact 
and if (1.11) holds for (p, g)-forms in some neighborhood of every point of M 
then Ti. b ' q (M) consists of C°° forms and is finite-dimensional. Furthermore, 
under this assumption, we have the following hypoellipticity consequences: 

(a) Whenever a € Li{M) and a _L H\' q {M) the equation O b (ip) = a has 
a unique solution ip _L H b ' q (M). 

(b) If d b a = then there exists a unique (p,q — l)-form ip such that 
d b ip = a and ip is perpendicular to the nullspace of d b ; the restriction of tp to 
any open set on which a is C°° is also C°° . 

(c) Dually, if d^a = then there exists a unique (p, q + l)-form 9 such 
that d b 9 = a and 9 is perpendicular to the nullspace of d^; the restriction of 9 
to any open set on which a is C°° is also C°°. 

(d) The orthogonal projection operators on H b ' q (M) and on the nullspaces 
of d b and B b are pseudolocal (that is, the the operator applied to a form is C°° 
on the open set on which the form is C°°). 

The next theorem deals with the cases of (p, n — 1) and (p, 0)-forms. To 
deal with these we will assume that the range of B b on functions is closed. 
We will also assume that the estimate (1.6) holds for (p,n — l)-forms which is 
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equivalent to (1.7) for (p, 0)-forms. In view of the above results these conditions 
are satisfied when M is pseudoconvex and there exists p € Xf (xo) which 
satisfies (1.8) with S of holomorphic dimension zero (i.e. S totally real). 

Theorem 1.6. Let M be a CR manifold such that the range of df, on 
functions is closed. Let xq £ M such that (1.6) holds for (p,n — l)-forms 
and (1.7) holds for (p,0)-forms supported in a neighborhood U of xq. Suppose 
that if and a are (p,n — l)-forms, on M in L2(M), which are orthogonal to 
Ti,P ,n ~ (M), such that □&(</?) = a. Suppose further that the restriction of a to 
U is in C°°(U). Then the restriction of ip to U is also in C°°(U). Dually, 
the same holds when ip and a are (p,0)- forms, on M in L,2(M), which are 
orthogonal to H b '°(M), such that □&(<£>) = a. 

Now the spaces n p b '°(M) and WP> n_1 (M) are, in general, infinite dimen- 
sional. Nevertheless, if (1.5) holds for (p,n — l)-forms at each point of M we 
have the properties: 

(a) The closed range of 5b on functions implies that D b has closed range 
on all forms. Hence, for q = and q = n — 1, whenever a £ L2(M) and 
a _L ft£'" _1 (M) the equation a b (<p) = a has a unique solution <p _L K^'" _1 (M). 

(b) If a is a (p,n — l)-form orthogonal to H p ' n_1 (M) with 3{,a = then 
there exists a unique (p, n— 2)-form ip such that d^ip = a and ip is perpendicular 
to the nullspace of Bj,; the restriction of ip to the open set on which a is C°° is 
also C°°. 

(c) Dually, if a is a (p, 0)-form orthogonal to Ti b '°(M) with d^a = then 
there exists a unique (p, l)-form such that d b d = a and 9 is perpendicular 
to the nullspace of d b ; the restriction of 6 to the open set on which a is C°° is 
also C°°. 

(d) The orthogonal projection operators on H b '°(M), 7^?'" _1 (M) and on 
the nullspaces of db in (p, n — 2)-forms and in (p, l)-forms are pseudolocal. 

Finally we take up the applications of superlogarithmic estimates to the 
<9-Neumann problem. Let f2 be a domain in a complex n-dimensional manifold 
X. Assume that the boundary of £1, denoted by bVt, is C°°. For (p, g)-forms 
on we define the operator □ by 

(1.12) □ = 85* + 5*8, 

where 5* is the L2 adjoint of 5. Then Dip is a form whose components 
are Laplacians of the corresponding components of ip which satisfies the 5- 
Neumann boundary conditions: (p is contained in the domain of 5* on (p, re- 
forms and dip is contained in the domain of 5* on (p, q + l)-forms. Let H p,q {Q) 
denote the null space of □. Then we have: 
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Theorem 1.7. Suppose that xo G bQ and suppose that (1.6) holds for 
(p, q)-forms on btl supported in U n where U is a neighborhood of xo in X 
and 1 < q < n — 2. Suppose further that Dip = a with a a (p, q)-form in L2 
whose restriction to U nfi is in C°° . Then the restriction of ip to U n £1 is 
in C°°. 

Note that the hypothesis of the above theorem is satisfied if 60 is pseu- 
doconvex and if there exists p G Z+(x D ) satisfying (1.8) with S of holomorphic 
dimension less than or equal to q — 1. The theorem has consequences which 
are analogous to those of Theorem 1.5 listed above. 

Theorem 1.8. Suppose that xq G b£2 and suppose that (1.6) holds for 
(p, n — l)-forms on btl supported in U H bQ, where U is a neighborhood of xq 
in X. Suppose that X is a Stein manifold and that £1 is pseudoconvex with Cl 
compact. Suppose further that Up = a with a a (p,n — l)-form in L2 whose 
restriction to U H Cl is in C°°. Then, if ip _L H p ' n_1 (^)> the restriction of ip to 
Unn is in c°°. 

Note that the hypotheses of this theorem are satisfied if there exists p G 
In-i( x o) satisfying (1.8) with S of holomorphic dimension less than or equal 
to n — 1. Again, the consequences of this theorem are entirely analogous to 
those of Theorem 1.6 listed above. 

Here I wish to express my thanks to M. Christ; communication with him 
led to the research presented here. I am also indebted to him for supplying the 
example discussed at the end of Section 4. I also thank Siqi Fu and the referee 
for going through the original manuscript and suggesting several improvements 
and clarifications. 

2. Definitions and preliminaries 

Definition 2.1. Let M be a In — 1 dimensional differentiable manifold. 
Denote by CT(M) the complexified tangent bundle of M. An integrable CR 
structure on M is given by a subbundle T 1,0 C CT(M) with the following 
properties. If T ' 1 denotes the conjugate of T 1 ' then T^ n T^ 1 = {0} for 
all x. The subbundle T 1 ' © T 0,1 is of codimension one. If L and L' are local 
vector fields with values in T 1 ' then the commutator [L, L'] = LL' — L'L also 
has values in T 1,0 . We say M is a CR manifold if M has a given integrable 
CR structure. 

Definition 2.2. A form of type (p,q) at x G M is a skew-symmetric 
multilinear map 

p : T^'° x • • • x T]' x T"' 1 x • • • x T^' 1 -► C. 

v ' V v ' 

p q 
The bundle of (p, q)-forms is denoted by A 1 ^ 9 . 
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Definition 2.3. The operator Bj, : Al' q — > is defined as follows. If 

ip e A p ' q let ip' be a (p, g)-form which restricted to Ilp^ 1 ' x Ilg^ ' 1 equals 
99. Then Bbp is the restriction of dp' to Ilp^ 1 ' x Ilg+i^ ' 1 - Tne operator 
<9 6 * : A p b ' q -»• X' 9 ' 1 is the ^2-adjoint of d 6 . 

Definition 2.4. Denote by # a nonvanishing real 1-form which annihilates 
T 1 ' © T ' 1 . Then the Lewi form on M is the hermitian form on T 1,0 given by 
\/—ld6(L, L'), where L and L' are in T 1,0 . Now, M is pseudoconvex if for some 
choice of # the Levi form is nonnegative. 

Let Li, . . . , L„_i be a local basis for (1, 0) vectorfields in a neighborhood £/ 
of x Q e M and let oj\, . . . , uj n -i be the dual basis of (1, 0)-forms. If u G C°°(U), 

j 

If 99 = X) V^'^j is a (0, l)-form on U, 

dbP = ^(Ljifi- Lupj + aijPk ) &i A Qj 
i<3 V k ' 

and 

dbV = -J2(Li{tpi) +aiipi), 

where a£, a; G C°°(t7). 

In general the operator 9;, : ^,° ,<? — ► „4°' 9+1 is expressed as follows. Let 
p £ A^ ,q be the form given locally by: 

I 

where / is the g-tuple of integers / = . . . , i q ) with Q < i\ < ■ ■ ■ < i q < n — 1 
and where u)j = A ■ ■ ■ A Qi q . Then 

k \m J 

where K runs through all strictly increasing (q + l)-tuples and each of the 
coefficients is either 0, 1, or —1 and is defined as follows. First, if j ^ / we 
denote by (jl) the ordered g-tuple containing j and the elements of K. Then 
we define 

jT _fo a UK 

e ^-|sgn(^) ifjeK, 
where sgn {^k) denotes the sign of the permutation {j, 1} — > K. Further, 

H \i,lDH J 

where H runs through all strictly increasing (q — l)-tuples and ajK, clh G 
C°°(U). 
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We choose real coordinates {x±, . . . X2 n -i} with the origin at x Q such that, 
d_ 

dX2n- 

d I o„+ T — . /~^T 9 



6( a 9 _ ) > and such that, setting zi = %i + v/— Lcj+n-i for i = 1, . . . , n — 1 



we have Li\ Xo = -^-\ Xo - Set T = — y 7 — T g^ ~ - Then the Levi form can be 
written as Cy = d6(Li, Lj) and we have 

[Li, Lj] = djT + 2(4 L * + 

where 4, e£- G C°°(U). 

Let {£1, . . . , ^2n-i} be the dual coordinates to {xi, . . . , X2 n ~i} and |£| 2 = 



Let V ;+ and -0 + be nonnegative functions in C°°({^ G K 2n 1 
with range in [0, 1], such that 

SU P p(V + ) C = 1 I 6n-l > ^'11, 

SU P p(^+) C {^1 = 1 I 6n-l > ^'11, 



lei = i}), 



^+(0 = 1 when > and = 1 when &n-i > Here £' = 

•• -£271-2)- We extend these functions to R 2 ™ -1 so that = 
and = ^ + (y|), for |f | > 1 and so that = ^ + (0 = for |£| < \ 

with Vi + (e) = 1 on supp(Y> + ). Set = V> + (-£), ^"(0 = and 

ip° = 1 — ^ + — Define i/' so that / = 1 on a neighborhood of supp^ ) 
and so that 

SU PP (V; )c{|C|<2}U{|e2n-l|<^ , |}. 

The operator ^ is defined by 

The operators ^ /_ , VI/ , and are defined as above with sub- 

stitution of ip + , -0°, , ip~ , and V' for tp, respectively. 

The microlocal decomposition ip = ip + + ip~ + ip°, alluded to in the intro- 
duction, is now interpreted as follows: 

p = + C*"¥> + C*V, 

for all <p G qj°(£/), where ( G Cfi°(U'), U C U' and C = 1 on 17. The 
microlocalization (/? + is also sometimes interpreted as (fy + cp and similarly with 
(p~ and ip°. 

The following lemma is a consequence of the general Garding inequality; 
here we give a proof which does not invoke the general case. 

Lemma 2.5. Let (a/j) be a matrix of C°° functions on U' which is non- 
negative. Let U C U C U', ( G Cg°(l7') with ( = 1 on U and a G C 00 ^') tuito 
a < 2. T/ien, i/ f/' is sufficiently small, 
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Y^a.iJ°T& + <PiM* + <Pj) > -c(max\D{<T)\ + l)\\C*+<p\\ 2 

Yj \supp c 

+ CJ*Vl|-l||C* + Pll + ll*Vll-l)- 

and 

J^iauoTCV-tp^aCV-tpj) > ~c( max :jD(a)\ + 1)||C^"^I| 2 

V su pp c 



IJ 



where 



+ c CT ||* ¥)||-i||C* y>|| + 1|* ^ll 2 i), 



(2.1) C a = max \D 2 (a)\ + max \D(a)\ 2 + 1, 

supp £ supp f 

/or a// 99 u>ii/i supp(i^) C {/. ifere D denotes first partial derivatives. 

Proof. Let 6 be a conical cutoff function with supp 6 C supp ip + and 6* = 1 
on supp ip + ; denoting by the corresponding pseudo differential operator, we 
have 

(* + <p = c(* + ) 2 e*V = (* + ) 2 c*V + [C, (* + ) 2 ]e* V 

Then, since the supports of the symbols of 6 and of [£, (* + ) 2 ] are disjoint, the 
operator [£, (* + ) 2 ]6 is of order — oo and we have 

/J IJ 

+ 0(ll* + ^l| 2 i), 

where £ £ Cq?(U') with £ = 1 on supp £. Let R denote the pseudodifferential 

i 

operator of order 1/2 whose symbol is C 2 2 n-iV' + then T(* + ) 2 = R*R and 



/J /J ^ 

+ ([ ai ja 2 C,R*]RC^ + ^i,C^ + ^j) 

+ 0(||* + ¥>|| 2 _i))- 

The first term on the right is nonnegative and from the pseudodifferential 
operator calculus we obtain 

\\[ aiJ a 2 C, R*]RC^ + M < cf (max \D(a)\ + 1)||C*V|| + C CT ||C* Vll-i)) . 

The first inequality in the lemma then follows and the second is proved anal- 
ogously. 
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3. Weighted microlocal estimates 

We begin by discussing the estimate for (^ + ip for (0, l)-forms; here the 
calculation is more transparent because we do not have to deal with compli- 
cated indices. We will then show how the proof generalizes to the case of 
(p, (/)-forms. 

Lemma 3.1. Let M be a pseudoconvex CR manifold of dimension 2n— 1, 
let x Q G M and let X be a real nonnegative C°° function with s G M + such that 

sX < 1 andRe^LiLj(X)^j is positive- definite. Then there exists a neighborhood 

U of x and C > such that 

(3.1) S ||C^|| 2 < c(q 6 (C*VC*V) + (* 2 max D(A) 2 + l)||C* + </?|| 2 

+ C( S ,A)||*+^||_ 1 ||C^|| + ||vI/Vl| 2 i), 

where 

C(s,X) = s max |£> 2 (A)| + s 2 max D(X) 2 + 1, 

supp(C) supp(C) 

C S Cq°(U), ip £ A /, supp(y>) C U', and U' D U. 
Proof If (p€ C^{U) then: 

(3.2) M^|| 2 + M b vn 2 = Y^W^m-L^M 2 

i<j 

+ ||a^Z*^|| 2 

+ O IWLitpjWWcripW + ||c^|| 2 ) • 

We have L* = —Li + ai. Substituting this in the above we use the following 
integrations by parts to "convert" the L into L: 

(a 2 LiU, v) = — (o~ 2 u, Liv) + 0{\\Li(o)u\\ \\o~v\\ + \au\\\\av\\) 

and 



(o~ 2 L*u,L*v) = ^a 2 LiU, Ljv) + 0(\\au\\\\av\\ 

+ ^(||0-L fe ii||||<™ || + ||o-u||||o-Zfct>|l) 



= (aLju, oLiv) + (acijTu, av) + 2(LiLj(a)u, av) 
+ 0^\\au\\\\av\\ + \\aL ju\\\\Li(a)v\\ 

+ ||Lj(cr)'u||||crLjv|| + ^(Ho-L^H \\av\\ + \\au\\ \\aL k v\\) ) . 
Let a s = e sX ; then, substituting a s for a, we have 
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hsBM 2 = \\J2°sL*^\\ 2 

i 

= \W» L i<Pi\\ 2 + 2^Re(<T 2 Z*<^,L*<^) 

i i<j 

= \WsLi(pi\\ 2 + 2^2Re(a 2 Lj(pi,Li(pj) 

i i<j 

+ (cr s CijT<pi,a s <pj) + (LiLj(a s )(pi,a s (fj) 



+ OM|cr s v9|| 2 +J2 \WsL j ipi\\\\L i (a s )ip j \\ + ^(||cr s L fe </?||||c7 s < / ?||) 

i,j k 

Combining this with (3.2) we obtain 

h s d b ip\\ 2 + \\a s dl^\\ 2 = YlihsLupjW 2 + (asdjTipuasipj) 

+ Re(L i L j (cr s )(pi,(j s (p j )^ 

+ OM|cr s 99|| 2 + ^ \\a s L j Lp i \\\\L i (a s )(p j \\ 

+ ^(II^L^IHIa^ll) 

k 

Since a s is bounded independently of s, 



(3.3) 'Y j [{a s c ij Tip i ,a s ip j ) + Re(L i L j (a s )<p i ,<j s (p j ) 
id V 

< c(Q b (<p, <p) + |M| 2 + J2 \\ L i(°s)<Pj\ 

Note that D(a s ) = sD(X)a s and D 2 (a s ) = sD 2 (\)a s + s 2 D(\) 2 a s . Then we 
have 

max | D(a s ) | ~ s max |£>(A)|, 

supp(C) supp(C) 

max \D 2 (a s )\ ~ s max |£> 2 (A)|+s 2 max £>(A) 2 , 

supp(C) supp(C) supp(C) 

ReLiLj(a s ) ~ sReLjZj(A) + s 2 D(A) 2 , 

and 

~ C(s, A) = s max |£> 2 (A)| + s 2 max D(A) 2 + 1, 

supp(C) supp(C) 

where C as is defined by (2.1). 

When we substitute (^ + (p for 92 in (3.3) the first term is estimated from 
below by 
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ho 

|2 i nl n \MliTr+,„ll ll/-VTr+,„ll i lhTr+,„l|2 



> -C (smax|L>(A)|||C^V|r + C(s, A)||* + ¥»||_i||C* + ¥»ll + II* ¥>ll-i 
V su ppC 

The second term is estimated from below by 

(LiLj(a s )( ! fy + Lpi,(T s ( x S> + (pj) > sC'\\a s (* + <p\\ 2 - s 2 max ( A) 2 1 1 C^ + ^ 1 1 2 • 

suppC 

Since a s is bounded away from zero independently of s the estimate (3.1) 
follows from the above and (3.3) thus proving the lemma. □ 

To generalize the above to (0, q)-forms tp = <Pi&i we define 

A IJ (X) = ReJ^efe j J K L i L j (X) 

i,j,K 

and 

ClJ — e I e J C V ' 

i,j,K 

where K runs over all ordered (q — l)-tuples. Each of the coefficients e\ K is 
either 0, 1, or —1 defined as follows. First, if i ^ K we denote by < iK > the 
ordered g-tuple containing i and the elements of K. Then we define 

if i G K 

ef = I if (iK) + I 




if (iK) = I, 

where sgn ( l f) denotes the sign of the permutation {i,K} — > I. 



Lemma 3.2. Let M be a pseudoconvex CR manifold of dimension 2n— 1, let 
x £ M and let X be a real nonnegative C°° function, s E M + with sX < 1, and 
suppose that KeAu(X) is positive- definite. Then there exists a neighborhood 
U of x and C > such that 

(3.4) sHC^Vll 2 < c(Q b ((* + ^(* + ^) + (s 2 max D(X) 2 + l)\\(* + ^\\ 2 

+ C( s ,A)||*Vll-i||C*Vll + ll* + V?l| 2 -i), 

where 

C(s,X) = s max \D 2 (X)\+s 2 max D(X) 2 + 1, 

supp(C) supp(C) 

C G C °°(f7) ; G X' 9 , supp((^) C 17', and U' D £7. 
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The proof of this lemma is entirely analogous to the case of (0, l)-forms. 
Integrating by parts as above we obtain the following in place of (3.2) 

(3.5) Re ( (o-sC/jT^/, a s (fj) + (A IJ (a s )(p I , a s <pj) J 

i,J V 7 

<c(Q b (tp,<p)+ \\ip\\ 2 + \\D(a s )ip\\ 2 y 

Observe that Cy > implies that cu > since at a point x Q we can choose the 
{Li} so that Cij(x ) = SijCutxo) and then cjj(x ) = 5jjJ2iei c u( x o)- Hence, 
again substituting (^ + ip for tp, we can apply Lemma 2.5 and conclude the 
proof of Lemma 3.2. □ 

To microlocalize with ^~ we define the local conjugate-linear duality map 
F q : A° b ' q -»• Al' n ~ q ~ l as follows. If <p = '£<p I Q I then 

(3.6) F«(<p)=J2e II 'j, I u I ,, 

where I' denotes the strictly increasing (n—q—1) -tuple consisting of all integers 
in [1, n — 1] which do not belong to / and e 11 is the sign of the permutation 
{/,/'} -► ({1, ... ,n- 1}). Then F n ~ q ~ 1 F q (p = ip and we have 

B b F\ = F^dttp + ^au&uj 

and 

%F*<p = Fi +1 5 b <p + J2b H KipHOJK. 

Hence 

Q b (F*tp,F«<p) = 0(Q b (<p,tp) + |M| 2 ). 
Thus replacing p by F q ip in (3.5), we obtain 

(3.7) Re^^(cr s c//j/T^/,cj s ^j) + (Ap jr ((T s )(pi,(T s (pj)j 

I, J 

<c(Q b (ip,ip) + \\ip\\ 2 + \\D(a s )ip\\ 2 y 

Now note that, since T = —T, 

^ e ^2( a 'sCrj'T<p I ,a s <pj) = -Re^(cj s cj'/'T^/,cj s ^j). 
i,j 1, j 

Hence, substituting (^'(p for ip, we proceed as above and obtain the following 
result. 
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Lemma 3.3. Let M be a pseudoconvex CR manifold of dimension 
2n — 1, let x £ M and let X be a real non-negative C°° function, s £ M + 
with sX < 1, and suppose that ReAj/j/(X) is positive- definite. Then there ex- 
ists a neighborhood U of x Q and C > such that 

(3.8) sHC^II 2 < C(Q 6 (C*>,C*>) + (S 2 maa : D(A) 2 + 1)||C*>|| 2 

+ a( s ,A)||*-^||_ 1 ||c*-^|| + ll^ll 2 i), 

where 

C(s,X) = s max |L> 2 (A)| + s 2 max D(X) 2 + 1, 

supp(C) supp(C) 

C £ C^°(U), ip £ A° b ' q , supp((^) C C/', and U' D 17. 



4. The localization lemma 

Definition 4.1. Let S" C M be a sub manifold of M; the holomorphic 
dimension of S" at x Q £ S 1 is the dimension of T^°(M) n CT Xo (S') and S 1 is 
called totally real if the holomorphic dimension of S at x is zero for all x £ S. 

We are now in a position to formulate Lemma 1.4 precisely. 

Lemma 4.2 (Localization Lemma). Let M be a pseudoconvex CR man- 
ifold and let S C M be a submanifold of holomorphic dimension less than or 
equal to m. Let xq £ S. For small positive a let S a denote the set of x £ M 
such that d(x, S) < a, where d(x, S) denotes the distance from x to S. Then 
there exist positive constants a Q , C and neighborhoods U, U' ofxQ, with U C U' 
and a constant C such that 

(4.1) ||C* + V?lli a < c(a 2 Q b (C*VC* + ^) + ||C*"V||m-s + ll*Vl| 2 i), 

for < a < a D , ( £ Cq°(U) and all (p, q)- forms ip with n — 1 > g > m + 1 
supported in U' . Furthermore 

(4.2) ||C*>||| a < c(a 2 Q b ((*-^(*~^ + K*-<p\\h-s a + ll*~¥>ll-i), 

for all (p, q)- forms cp with < q < n — m — 2 supported in U' . Here \\ \\s a and 
I ||m-5 b denote L2-norms over S a and M — S a , respectively. 

Proof. Let /i, • • • , be real- valued functions in a neighborhood of x Q such 
that x £ S if and only if fi(x) = for i = 1, . . . , k. Suppose further that the 
gradients of the fa are linearly independent. S ince the rank of (L{fj\ Xo ) is 
greater than or equal to n — 1 — m, we can choose ( after renumbering the Li) 
functions {gi, ■ ■ ■ g n -i-m} which are real linear combinations of the /j, such 
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that Li(gj)\ Xo = Sij when i = 1, . . . n — q — m. Then, setting A = J2 g\ we have 
Aij(\)\x = 2$uPi, where / and J are ordered g-tuples so that pj is greater 
than or equal to the number of elements in / n {1, ... ,n — 1 — m}. Since 
m < q — 1 we have pi > and hence (Aij(\)\ Xo ) is positive definite. Thus 
there exists a neighborhood U' of x Q on which Re(^4/j(A)) is positive definite. 

Let ( a e C^(S 2a ) with (a = 1 on S a such that |L>Ca| < §• Then A < Ca 
and |I»i(A)| < Ca in S^a . Setting s = -4r with (5 sufficiently small so that sA < 1 
in S"2a we can apply Lemma 3.2 and obtain 



(4.3) s||CaC*VH 2 < C(Q 6 (CaC*V,CaC*V) 

+ ( S 2 max J D(A) 2 + l)||CaC*-Vl| 2 

+ <7( S ,A)||*Vl|-l||CaC*Vll + 

where 

C(s,\) = s max |L> 2 (A)|+s 2 max D(\) 2 + 1, 

SUpp(CaC) SUpp(CaC) 

C S Cq°(U), if G supp(y>) C [/', and [/' D U. Dividing both sides of (4.3) 

by s and with s = ^ and a D < <5 we have 

s max D(A) 2 + - < C5 



and 



Hence 



SUpp(CaC) S 



-C(s,\) < C. 



Thus, since 
and 



+ ||M/+VP||-l||CaC*Vll + ll* + ^l| 2 l)- 
\\C* + <P\\s a < ||C«C* + ¥>II 



a 2 Q b (CaC*V,CaC*V) < a 2 Q 6 (C^,C^) +C\\C* + <p\\ M -s a 

then (4.1) follows by choosing 5 sufficiently small. 

To prove (4.2) note that Aj>ji(X)\ Xo = 25jijipji, where I' and J' are or- 
dered (n — 1 — g)-tuples so that pp is greater than or equal to the number of 
elements in I' l~l {1, . . . , n — 1 — m}. Since m < n — q — 2 we have jop > 
and hence (Aj/ j>(\)\ Xo ) is positive definite. Then, proceeding as above, using 
Lemma 3.4 instead of Lemma 3.3 we obtain the desired result. □ 
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Note that for (^°(p the above estimates are a consequence of ellipticity 
and thus hold for all q. Then, when the above estimates hold for (^ + ip and 
(^~<p, we obtain the following: 



\\<P\\Sa ^ C ( a Qb(<P'<-P) + Wfhl-Sa + \\<P\\-1 

Substituting 2a for a and Q a ip for <p we get 
Choosing [/' with sufficiently small diameter we get 



C||C«¥>II-1 < \\\CaV\\ 2 - 



Thus we obtain: 



Corollary 4.3. Let M be pseudoconvex CR manifold and let S C M 
be a submanifold of holomorphic dimension less than or equal to m with m < 
\(n — 3). Let xq G S. For small positive a let S a denote the set of x G M such 
that d(x, S) < a, where d(x, S) denotes the distance from x to S. Then there 
exist positive constants a Q , C, and a neighborhood U such that 

(4-4) IMIL < C (a 2 Q b (<p, if) + \\<pf M _ Sa ) 

for < a < a and all (p, q)- forms ip with m + l<q<n — m — 2 supported 
in U. 

M. Christ has pointed out that pseudo convexity is a crucial assumption 
for the estimate (4.4). He has supplied the following example. Let M be a 
five-dimensional CR manifold with coordinates (z±,Z2,t), whose CR structure 
is defined by the vector fields 

Li = d Zl - izidt, L 2 = d Z2 + iz 2 d t . 

Then we have L* = —Lj; setting T = id t we have \L\, L\] = 2T and [L 2 , L 2 \ = 
— 2T. Let S be defined by z\ = z 2 = 0; then m, the holomorphic dimension 

of S, equals zero. Let S a = {(z\,z 2 ,t) \z\ < a}, with \z\ 2 = \zi\ 2 + \z 2 \ 2 . Let 

g = \z\ 2 — it; then L\g = L 2 g = 0. For each r > we define the (0, l)-form ip T 
byip T = f T Cu>i, where f T ( Zl ,z 2 ,t) = expT(-g+g 2 ) and £ G C^{\z\ 2 +t 2 < 2r 2 ) 
with C = 1 on \z\ 2 + 1 2 < r 2 . Note that L x f T = L 2 f T = 0. We have 

Q b (^,^) = wrL 1 c\\ 2 + \\rL 2 c\\ 2 . 



If a < r < i we have 



Re(-g + g 2 ) = -\z\ 2 -t 2 + \z\*>-^ 
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on the region \z\ 2 + t 2 < %- which is contained in S a so that 



Furthermore 



ca 5 exp (-^™ 2 ) < y T \\s a - 



Re(-c/ + # 2 ) = -|z| 2 - t 2 + \z\ 4 < -|r 2 < -|a 2 



on the support of the derivatives of £; thus 

C ' CXI) I - , 



This contradicts (4.3) for large r. 



5. Subelliptic multipliers 

To study the operators db, and the <9-Neumann problem on (p, q)- 
forms we define microlocal subelliptic multipliers below. In this section we 
develop those properties of the multipliers which are needed in the proofs of 
superlogarithmic estimates and the hypoellipticity results. Explicit formulas 
for subelliptic multipliers are given in the appendix. 

Definition 5.1. For x Q £ M let I q (x ) be the subset of germs of C°° 
functions at x Q defined as follows. The germ p is in l+(x ) if and only if there 
exist U, U', e, C, and C such that 

(5.1) HpC^II 2 < c(q 6 (C*V, C*V) + II^VII 2 ) 

for all (0, (/)-forms (p with supp(</2) C U' . Here, U is a neighborhood of x Q such 
that U C U', e and C are positive constants and ( 6 Cq°(U) such that C = 1 
on a neighborhood of x Q . We define T^{x ) and Z~(x ) by replacing >I> + in the 
above by ^° and respectively. 

Note that Ig{x ) is the set of all germs of C°° functions at x Q ; in fact we 

have 

HK^VII 2 < c(g b (c*V,C*V) + II^VI |2% 



Thus, if we denote the set of subelliptic multipliers satisfying (5.1) by I q (x ), 
we have 2 q (x ) = T q {x ) n 1 q (x ). 

Proposition 5.2. Ifl<q'<q<n-1 then 2"+(x G ) D l ql (x ). 

Proof. Now, p G Z^_ x (x ) and we want to show that p G T+(x Q ). Let <p 
be a (0, g)-form supported in [/, 

V = '%2 l Pivi, 
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where the / are ordered g-tuples of integers between 1 and n — 1. We define 
the (0, q — l)-forms by 

= ^2 l P<Kj>U K , 
K 

where / = (Kj) and q < j < n — 1. Thus we have 

HpC* + /31 £ 2 < c(q&(C* + ^',C* + P 3 ) + Ml 2 ). 

Now 

Q 6 (C^ + /3 i ,C^ + /3- ? ) = I! ||Z fc ^+ / 3^l| 2 + i:(&^rC^ + /3i f ,C^ + /3^) + C>(||^|| 2 ), 
where b HK = J2 e hK c hk and 

Q 6 (C*V, C*V) = E IIMV/II 2 + E( C ^ T C*V/, C*Vj) + o(|M| 2 ), 

where c/j = X) e i/ c «r To compare au and at a point x we choose the 
Li, . . . , -L„_i so that Cij(x) = 5ijCu(x). Then we have 

c/j(x) = 5/jE c m( x ) 

16/ 

and 

buK{x) = 5 H k E c w> (so- 
ften 

If / = (iffc), 

c//(x G ) = b HH (x ) + c fc fc(x ) > b H H(x ); 

hence 

E b HK(x)P 3 H (x)f3 :, K (x) < ^Clj{x)ipi{x)(pj(x). 
H,K IJ 

Since 

IK^Vll, < E IK* + /3 J 



v l| e 



Ml 2 



we conclude (using Garding's inequality) that 

\\p(* + <pf £ <c(Q b ((* + ip,(* + <p) + 

so that p £ I+(x ). □ 
Proposition 5.3. 1 q (x ) = l+_ q _ x (x ) for < q < n - 2. 

Proof. If 99 is a (0, g)-form with support in U given by (p = c 11 ' , as 
in Section 3, we set F q (p = ^ (fi'LOp, where I' denotes the ordered in — q — 1)- 
tuple consisting of the complement of I. Then noting that = || ^ || , 

we have 

\\pC* + <p\\ e = \\p(*-F q <p\\ e + 0{\\<p\\) 
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and 

Q 6 (C* V, C*» = Q b (C*-F q <p, (V-F q cp) + 0(|M| 2 ), 
which concludes the proof. □ 

Combining these propositions we see that I~{x ) C I q (x ), if n—q—1 > q, 
that is if q < ^(n — 1). Hence T q {x ) = Z+{x ) whenever q < ^(n — 1). In 
particular Ii(x ) = Tf(x ) when n > 2. 

6. Superlogarithmic estimates 

In this section we will prove superlogarithmic estimates under the assump- 
tion that there exists a subelliptic multiplier p satisfying the condition 

(*) lim d(x, S) log p(x) = 0. 
We define the operator log A by 

i5iAu(0 = ^(iog(i + |ei 2 HO 

and we have the following result. 

Theorem 6.1. Let M be a pseudoconvex CR manifold. Let S C M be a 
manifold such that the holomorphic dimension of S at each point is less than 
or equal to q — 1. Let x Q G S, let U' be a neighborhood of x Q and suppose that 
p G C°°(t r/ ) with p G X^(x ) satisfying (*). Let U be a neighborhood of x Q with 
U C U' and ( G Cg°(f7). Then the following superlogarithmic estimate (SL + ) g 
holds. For each 5 > there exist C$, such that 

(SL+), ||(logA)C*V|| 2 <6 2 Q b (C* + <P,C* + <p) + Cs\\* + <pf, 

for all ip G A® ,q with support in U' . Furthermore, if the holomorphic dimension 
of S at each point is less than or equal to n — q — 2, and if p G Z q (x ) satisfying 
(*) then the estimate (SL~) g given by 

(SL-), ||(logA)C^-^|| 2 <5 2 Q h (&- <p) + C s \\V-<p\\ 2 , 

for all ip G A°' q with support in U' . 

Proof. Let 7o,7o 5 7)7 be nonnegative functions on C°°([0, oo)) such that 
supp(7o) C supp(7o) C [0,2), supp(7) C supp(7) C [1,3), 70 = 1 on supp(7 ), 
7 = 1 on supp(7), and 

7o(x) 2 + E7(2" fc x) 2 = l, 

k 

when x > 0. When k > 1 we set 7fc(x) = "/(2~ k x), and define the operators Ffc 
and Tfc by 

r^(0 = 7fc(l^l)«(0 



SUPERLOGARITHMIC ESTIMATES 



233 



and 

ffc«(0=7*(l£l)«(0- 
Let p be a subelliptic multiplier, satisfying (*). Then for each 5 > there 
exists As > such that 

1 „ , * . 
< A s exp(- 



p(x) d(x,S) 

Then, using the fact that |£| ~ 2 k when £ G supp(7fe) and applying (5.1), we 
have 

||r fc C* + ¥>||Af-S < max M -5 a -||pr fc C(^ + ^)|| 

p 

< ^ex P (^||r fcP c* + ^ll + HK,r fc ]*V)ll 

< ^ exp(^) ^2- fe£ ||Cr fe (pC* + ^)|| £ + 2~ k C\\* + ip)\\ 

Set a = || with k > Ks, where If 5 is chosen large enough so that 
and , 

4'2(i" fc ) < (|) . 

Note that ||* + r fc <p||_i ~ 2 _fc ||\l/ + r fe <p||. Thus from Lemma 4.2 we obtain 

lir^Vll 2 = ||r fe c*Vlll a + l|r fc C*Vlllf-5 

< c(|^(cr fc *Vcr fc *>) + Q)V>)II 2 ) 

< c(^(||r fc a 6 c*Vll 2 + ||r fc <9 b *c*Vll 2 ) + (DWvll 2 ) 

for fe > Ks- Then, since k ~ log |£| for £ G supp(7fc) we obtain, after multiply- 
ing by k 2 and summing over k, 

||(io g A)c*Vll 2 ~ J2 ll(iogA)r fc c^ + ^ll 2 + E k 2 \\r k (* + <p\\ 2 

k<K s k>K s 

< c(k 2 s\\^ + v\\ 2 + 5 2 (\\T k 8 b ^ + <p\\ 2 + \\T k dtt^ + v\\ 2 

< <5 2 q 6 (c*V,C*V) + c 5 ||*VII 2 - 

This concludes the proof for the superlogarithmic estimate in the + microlo- 
calization; the proof in the — case is entirely analogous. □ 

Combining the +, — , and microlocalizations we obtain the following. 
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Corollary 6.2. Let M be a pseudoconvex manifold. Let S C M be a 
manifold such that the holomorphic dimension of S at each point is less than 
or equal to m, where m = minjg — l,n — q — 2}. Let x Q G S, let U be a 
neighborhood of x Q and suppose that p G C°°(U) with p G l q (x ) satisfying (*). 
Then the superlogarithmic estimate (SL) 9 holds. For each 5 > there exists 
C$ such that 



In this section we show that the superlogarithmic estimate (SL) g implies 
hypoellipticity of Further we show that if the range of Bb is closed in L? 
then the estimates (SL + )i on (p, l)-forms and (SL~)o on (p, 0)-forms imply- 
that the restrictions of □& to (p, 0)-forms orthogonal to 7i p '° and to (p, n — In- 
forms orthogonal to H p,ri ~ 1 are hypoelliptic. 

Theorem 7.1. Assume that (SL) g holds in a neighborhood U of x Q G M. 
Then if ip is a square integrable (p, q)-form such that O b ip = a with a square 
integrable whose restriction to U is in C 00 ([/) then the restriction of ip to U is 
also in C°°{U). 

Proof. More precisely, we will show that, for any CojCi £ Cq°(U) with 
(i = 1 in a neighborhood of the support of £o, if Ci a £ H s then Qop G H 8 . 
To do this we first prove the following a priori estimate: given s there exists 
C s > such that 



for all <p G A b ' q . Let <r G Cq°(U) such that <r = 1 in a neighborhood of supp(Co) 
and d = 1 in a neighborhood of supp(cr). Let £' G Cq°(U') with (' = 1 in a 
neighborhood of 0". We define the operator R s by 




7. Hypoellipticity 



||Coy|| a <C a (||Cia|| a + H|), 




for u G C§?(U'). Since the symbol of (A s - R s )( is zero, 



IICo^lU < ll^ s (Co^)ll + c\\p\\ < ||[i? s ,Co](Ci^)ll + \\R s (Cw)\\ + cy 



From the calculus of pseudodifferential operators we conclude that 



\mmiv)\\<c(\\Br\civ>)\\ + M) 
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and 

\\r s (cw)\\ = \m?c*p)\\ 

< \\C'R s (Cw)\\ + \\[R s X'}(Cw)\\ 

< \\c'R s (Ci^\\ + o(\\R s -\c^)\\ + y\\) 

< 11^(^)11 + c\M 

so that 

\\( <p\\ s <C(\\\og(A)C'R s ((iv)\\ + y\\)- 
Next, from (SL) g with <p replaced by (,' R s ((up) , we obtain 

* * ||(log A)^ s (Ci^)|| 2 < 6 2 Q b (('R s (( lV ),t'R s ((iv)) + C S \M 2 . 
The equation U b ip = a is equivalent to 

for all ip £ A^' 9 . So we have 

Q b (C'R s (Cw),C'R s (Cw)) = Q b ^,Ci(R s )*(C) 2 R s (Cw)) + error 

= (a,(i(R s y((') 2 R S ((w)) + error 
= (('R s (( ia ),('R s (.(w)) + error. 

The "error" is given by error = I + 77, where 

/ = ([B b , ('R s (i}<P, B b C'R s Cw) + ([d* b ,('R s (i]<p, d* b ('R s (i<p) 

and 

II = (dw, [(!&*(', 8 b ]('R s ( lip ) + (B* b tp, [Cii? s T, d* b ]('R s ( lip ) 

= ([[CiR s *C, B b }*, B b }p, C'RXw) + ([[(iR s *£, B* b ]*, 8£]<p, C'^Ckp) 
+ ([Cii? s *C, d b ]*<p, dtc'RXw) + ([CiR s *C, $!]V, dbC'RXw). 
By the Jacobi identity, 

[B b , C'i? s Ci] = [B b , £}R s (i + R s ]d + C'R s [B b , &]. 

Since the supports of the derivatives of £i and of (,' are disjoint from the 
support of a the operator [B b ,(']R s (i + C'-^I^Ci] is bounded in L 2 . The 

— no scr ( x ) 

principal symbol of [d b , R s ] is bounded by C(log(l + |£| ))(1 + |£| )~ r ~ ; hence 

\\C'fa,I?]C 1 <p\\<C{\\{logA)H>C 1 <p\\ + \\<p\\). 
Arguing similarly we can bound all the terms in / and 77 and obtain 

error 2 < C(Q b (C'R s (Cip)X'R s (Cw)) + ||(log A)iTCH| 2 + IM| 2 )- 

After combining this with ** we see that error 2 gets multiplied by S 2 and thus, 
for suitably small 5, we obtain the a priori estimate *. To conclude the proof 
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of the theorem we must pass from the a priori estimate to showing regularity 
of the solution. This can be done by applying a standard smoothing operator 
to dip or by using the method of elliptic regularization as in [KN]. □ 

Microlocally we obtain the following. 

Lemma 7.2. With the same notation as above, estimate (SL + ) q implies: 
\\* + R s (M\ < C(||*+R s Ci°6¥>ll + IMI) 

and 

\\V + R s (idM\ + ||vP + i? s Ci^ll < C(||*+i? s Ci°6^ll + \\* + R s (ia h d* bV \\ 

+ IMI), 

for all if £ A b ' q PI L2. Analogously, (SL~),y implies: 

\\*-R s (M\ < cdi^-^Ci^ll + IMI) 

and 

||*-ii s Ci^ll + ||*-# s Ci^MI < C(||*-i? s Cin 6 ^ll + \\y-R s (iU b 3* b ip\\ 

+ IN), 

for all if e A p b ' q nL 2 . 
Proof. We have 

g 6 (Ci* + i? s CV, Ci^ + ^ S CV) = \\* + R s (id b ip\\ 2 + ll* + ^ S Ci^VH 2 + error 

= (^+CiD 6 ( / 9, Ci^ + cV) + error 

< C(||^+Cin b ^|| 2 + ||Ci* + CV)H 2 ) + error 

< Cdl^+Ci^VH 2 + ||* + Ci<9^|| 2 ) + error, 

and 

||tf + Ci^¥>|| 2 = (* + ( 1 d b d* b d b p,* + ( 1 d b <p) + error 

< (||tf + Ci°&^||||* + Ci%>ll) + error, 

||* + Ci45 5 V|| 2 = (* + ( 1 d b d* b d b ip,y + ( 1 d* b p) + error 

< (||* + Cinb^V||||* + Ci^VII) + error. 

The error terms arise from commutators such as [Ci^ + R s , d b ]. These are ana- 
lyzed as before except for the terms that involve the commutators [vl/ + , d b ] 
and To bound such terms let tp° be a symbol which equals one in 

a neighborhood of the support of the derivatives of ip + and whose support is 
contained in a region of the form 

{£ = (£',&n-i) e R 2 "- 1 A < £ 2n _i < a\?\} 
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and let ip + be a symbol which equals one on the support of ip° with sup- 
port contained in {£ n _i > 0}. Denoting by ^° and by ^ + the corresponding 
pseudo differential operators we have 

||^R s Ci^ll < C(||n 6 §°i? s Civll-2 + \\V°R s (M\-2) 

since the support of ip lies in the elliptic region. These are the terms that 
arise in the error. Thus we have 

||*°i? s Ci¥>ll < C(\\*+R?-%n b <p\\ + \\y + R s - 2 ( lV \\ + \\<p\\) 
< c(||^+i? s - 2 Ci^ll + ||* + i2- 2 Ci^VII 
+ ||* + i? s - 2 Ci^|| + IMI). 

We feed this into the above estimates with ^ + replaced by ^ + and thus obtain 
the desired estimates in the + microlocalization and a parallel argument yields 
them in the — microlocalization. □ 

The following result deals with the cases of (p, 0)-forms and of (p, n — In- 
forms, where the spaces H p b ' u and Hl' n ~ are infinite-dimensional. We assume 
that (SL + )i and (SL~)o hold. This assumption is equivalent to assuming that 
(SL~) n _2 and (SL + )„_i hold, as is seen from the following observation. 

Remark. When we use the operator F q , as in the proof of Proposition 5.3, 
it follows that the estimate (SL + ) g holds if and only if (SL - )„_ g _i holds. 

Theorem 7.3. Let M be a CR manifold and assume that the operator 
d b on functions has closed range in L2(M). Assume that (SL+)i and (SL _ ) 
hold on a neighborhood U. Suppose that q equals either or n — 1, <p _L Til' 9 , 
and O b ip = a with a restricted to U in C°°(U). Then the restriction of ip is 
also in C°°{U). 

Proof. We will deal only with the case of functions, that is (0, 0)-forms; 
the remaining cases then follow. We will show that if u € L2(M), u _L Ti^ 
and if U b u = f with / 6 L2(M) and the restriction of / to U is in C°°(U) then 
the restriction of u to U is in C°°(U). Assuming that u G C°°(M) and using 
the above lemma we obtain the following a priori estimate: 

II* -RXM < c(||*-i? s d/|| + H). 

Note that we have not used the assumption u _L H®'°. We can now deduce that 
||\I' - -R' 5 Ci u ll < oo whenever O b u = f. Since the range of d b is closed we conclude 
that the range of 5% is closed and since on functions we have D b u = d b d b u we 
conclude that the range of d b equals the orthogonal complement of 7i b ' ■ Thus 
there exists a (0, l)-form ip such that d b tp = u and we choose ip so that it also 
satisfies d b ip = 0. Hence 

\\* + R s (iBM < C(\\y + R s (in b d* b <p\\ + ii^ii). 
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By elliptic regularization we conclude that whenever the right-hand side above 
is finite then so is the left-hand side. Since the range of d£ is closed, \\(p\\ < 
C\\d£(p\\ = C\\u\\. Hence 

\\* + R s (iu\\<C(\\* + R s (if\\ + \\u\\). 

Again we conclude that ||^ ,+ i? s Cin|| < oo and combining this with the above 
and with the microlocalization we have Co - " S H s for all s, which concludes 
the proof. □ 

Remark. The range of 8b on functions is closed whenever M is compact 
and (SL)i holds at all points of M. As noted this condition cannot hold if 
dim(M) = 3. Another condition for the closed range of 8b is given in [K4], 
namely: if X is an n-dimensional Stein manifold and if f2 C X is a relatively 
compact pseudoconvex domain with a smooth boundary M then 8b on M has 
closed range (see [K4]). 

8. The 9-Neumann problem 

In this section we shall establish the relation between subellipticity, subel- 
liptic multipliers, and superlogarithmic estimates between boundaries of pseu- 
doconvex domains and the corresponding estimates for domains. These results 
can be extended to various other estimates. The method here is the type of 
microlocalization worked out in [K4] . Another reduction to the boundary was 
derived by Greiner and Stein (see [GS]). 

Let f2 C X be a relatively compact domain with a smooth boundary in a 
complex hermitian manifold X and let M denote the boundary of £1. Let r be 
a defining function for M; that is, r is a C°° function in a neighborhood of M 
such that r = on M and dr / 0. We will further assume that \dr\ = 1 on M, 
that r < in f2, and that r > outside of Q. To simplify formulas we will also 
assume that \r\ is the geodesic distance to M. We denote by A p ' q the space 
of (p,g)-forms in C°°(A) restricted to Q. As usual, 8 : A p ' q -► A p ' q+1 . We 
denote by 8* the L2-adjoint of 8. Also, 8* is an unbounded operator in Hilbert 
space whose domain, denoted by Dom(<9*), consists of all tp £ L^^M) such 
that (<p,8u) = (8*<p,u) for all u £ L p 2 ' q ~ l {M) with 8u £ L P 2 S {M). If x £ M 
we choose local holomorphic coordinates {z±, Z2, ■ ■ ■ , z n } on a neighborhood 
U of xo with origin at xo such that dz n \o = 8r\o. Let {lo±, . . . , uj n } be an 
orthonormal basis of the (1, 0)-forms on U with uj n = dr, so that L n (r) = 1. Let 
{L\, . . . , L n } be the dual basis to the and note that on M we have L^r = 
for i = 1, . . . ,n — 1, so that the CR structure on M, and on the manifolds 
r = constant, is given by the {L\, . . . , L n _i}. Setting T = -j=(L n — L n ), 

we have that {Li, ..L n _i, L\, . . . , L n _i, T} is an orthonormal basis of vectors 
tangent to M. Also, T satisfies T(r) = and f = —T. 
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Suppose that p> G A°' q fl Cq°(U PI 0), so that 99 = J2 <Pl&l- Then y> is in 
the domain of d* if and only if ipi = on M whenever n £ I. The 9-Neumann 
problem consists of solving the equation Dip = a, where □ = dd*+d*d. Setting 
Q(p,ip) = (dip, dtp) + (d*p,d*ip) we see that the above equation is satisfied 
if and only if p is in the domain of 5* and Q(p>,tp) = (a,ip) for all ip in the 
domain of d*. 

On UnCl we will use the coordinates {x\, . . . , X2 n -i,r}, where Xi = Re(zt) 
for i = 1, . . . re — 1 and Xi = G(zj_ n +i) for i = re, . . . , 2re — 1 . We will denote by 
x = (x±, . . . , X2n-i) the tangential coordinates and by £ = (£1, . . . , £271-1) the 
dual coordinates. We define the tangential Fourier transform of u € Co°(?7nS7 
by 

H£> r ) = y e tx '^u(x,r)dx. 



This notation should not be confused with the one used in previous sections. 
We define the operator A* an by 

A^(£,r) = (|£| 2 + ir/ 2 n(£,r) 

and the tangential Sobolev norms by 

INI' = / \K,nU\ 2 dtdr. 
In terms of these coordinates the operators Lj can be written as 

for i = 1, . . . , n — 1 and 

We define the tangential symbols ^ by 

Hi(x,£,r) = -^=^af(x,r)£ fc , 
for i = 1, . . . , n — 1 and 

A*n(z, £, = -7= H(a fc (^ 5 r) - d k (x, r))&. 



Note that /i n is real. We set /ij(x,£) = ^i(x,£,0) and /i = (fi±, . . . , fi n ) for 
i = 1, . . . , re, and 

l£(*,0l = VEl£i(*.0l 2 - 

Subelliptic multipliers for the 9-Neumann problem are defined as follows. 
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Definition 8.1. Suppose that xq G M and that / G C°°(U). Then / is a 
subelliptic multiplier on (p, g)-forms for the 9-Neumann problem if and only if 
there exist e > and C > such that 

ll/A 2 < C(Q(^) + |M| 2 ), 

for all Dom(<9*) n^e A p ' q n Cg°(Z7 n fi). We denote by Jg(x ) the idea/ o/ 
germs of subelliptic multipliers for the 9-Neumann problem at xq. 

The relation between the ideals of subelliptic multipliers for CR manifolds 
and for the <9-Neumann problem is given in the following. 

Theorem 8.2. Suppose that fl C X is a pseudoconvex domain in a 
hermitian manifold X. Suppose that fl is compact and has a smooth bound- 
ary M. Then, if xq G M, the ideals Jq{x$) andl^(xo) are related as follows. 
If f G Jq{x$) then the restriction of f to M is in I+(xq). Furthermore, if 
p G X+(xo), if f € C°°(n), and if the restriction of f to M equals p then 
f G J q (x ). 

The fact that hypoellipticity of the <9-Neumann problem follows from the 
assumption that a superlogarithmic estimate holds is formulated as follows. 

Theorem 8.3. As above with xq G M and M the boundary of SI, assume 
that condition (SL + ),j holds in a neighborhood U n M of xq. Then if a is a 
(p, q)-form on f2 which is in Li, whose the restriction to UnCt is in C°°(Ur\Cl) 
and if <p> satisfies the equation Bip = a (this means, in particular, that tp and 
dip are in the domains of 5* on (p,q) and (p,q+ 1)- forms, respectively), then 
the restriction of tp to U n Cl is in C°°(U n fi). 

The key to proving these theorems is a passage between forms in A^' q 
and forms in A p ' q . This is done by introducing an "approximate" harmonic 
extension of u on U PI M to U n £l, denoted by u^ h \ Supposing that u G 
Cg°(C/ n M) we define uW G C°°{{{x,r) G M 2n | r < 0}) by 

u (h \x,r) = (27ry 2n+1 J e ix <e r ^ x ^u{^, 

so that u( h \x,0) = u(x). 

In this section || || will denote the Li norm on Q, \\ \\ b the Li norm on M, 
and || ||* the Sobolev s-norm on M. 

Lemma 8.4. For each k G Z, k > 0, and s G R i/iere existe C S) fc > suc/i 
|r fc « W || 8 <C 8)fc ||«||;_ fc _i, 

/or a//u G (C/nfj). 
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Proof. We have 

|||rM h) ||| 2 <C J r 2k e 2r ^ x '^{l + \i\ 2 ) s \u{i)\ 2 d^dr. 

Substituting r' = r|/i(x,£)| we integrate first with respect to r' , and note that 
|/i(x,£)| 2 ~ (1 + |C| 2 ) to obtain the result. □ 

Setting A = - £ we have 



2n-l 



d d 
A = -^L^ ]T a l (x,r)— + a(x,r) — 

i=l i=l 1 



q2 n—1 2n— 1 q o 

«=1 r=l 



since ^ = + L n ) and L ra L„ = — T 2 + D, where D is a first order 

operator. Hence if (x, r) £ U H Cl, 

where the p k (x,r,^) are symbols of order fc, uniformly in r. Note that -E(u) 
denotes the error term which is an operator of order — oo. Abusing notation 
we will denote all such terms by E(u). Further, 

L iU w (x,r) = (L iU ) {h) + K iU {x,r) + Eu{x,r), 

with 

K t u(x,r) = [ e ix <e r ^ x ^(fn(x,0 + p°(x, r, £) + rp}(x, r, £))fi(£R 



and 

LiV,( h \x,r) = (Liu)^ + Kiu(x,r) + Eu(x,r) 
fori = l,...,n-l. Since L n = ^(-§ p +T) 

L n 4 h \x,r) = ^| e -VI^)l(|/i(x,0|+An(x,6+Pn(^r,0 

and 

Z„«W(x,r) = ^|e"VI^)l(|/i(x,0|-An(x,e)+^(x,r,-0 
+ (x, r, -£) J u(f )d£ + £u(x, r) 



where the are symbols of order k. If v € Cq°(U n 0) we define t> to be the 
restriction of f to M and we have 

l*llS<cfllH|| fl+ i+|^|._ 
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We micro-localize v for each fixed r, setting 

§v(£,r) = i/>(Z)v(Z,r) 

and then we have: 

Lemma 8.5. If U is sufficiently small then there exists C > such that 
\\^> + L n v^\\ < C (j2 ll^+MI-i + Hi) 

and 

iv\\ + ||u|| , 

for alive c%°(unn). 

Proof. Choosing U sufficiently small we have jj, n (x,£) > when £ G 
supp(V> + ) and fi n (x,£) < when £ G supp(^~). Then for x G U and 
£ G supp(^+), 

|A(X,0| -An(x,0 = £ | A ( X ,0|+l(x,0^ (a: ' 0; 

hence the right-hand side is the principal symbol of a pseudodifferential op- 
erator on M of the form Y1\~ X p i L i-< where the P, are of order zero. This 
establishes the first inequality. The second inequality follows from the fact 
that for x G U and £ G supp(V>~), 

\fl( X ,0\-»n(x,0 > C\C\, 

when U is sufficiently small. □ 

If (p G A p,q we denote by the restriction of ip to M. Note also that if tp 
is in the domain of d* then 99 G A^ q . Recall that on a pseudoncovex domain 
the following are equivalent: 

„ n 

Q(<p, ip) + |M| 2 ~ E / cwfi^jdS + E ll^iVll 2 + IM| 2 > 
for all G -4 P ' 9 n C^(U' n 0) intersected with the domain of 9*. Also 

Q fe (C*>,C*V) + (IIC*VII 6 ) 2 

n— 1 

~ E(c/jAk^V, ak*Vj) 6 + E(ll^c*Vii 6 ) 2 + aic'*'Vii 6 ) 2 , 

1 

for all if G A\' q with support in U' Pi M. Combining the above with Lemma 
8.5, we obtain: 
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Lemma 8.6. Suppose that SI C X is a pseudoconvex domain in a hermi- 
tian manifold X. Suppose that SI is compact and has a smooth boundary M . 
Then, if xq G M and if U is a sufficiently small neighborhood of xq then there 
exists a constant C > such that 

+ |*V|? < c{Q{ v m + IMI 2 ), 

for all ip G A p ' q n {domain of d*} with support in U PI Si. 
Proof. We have 

+ ||*V W I? < c IIZ^/II 2 + IMI 2 ) < C(Q(^ ¥>) + IMI 2 ) • 

Let = 99 - so that ^ (0) = on M. Then, with ( G Cg°(l7') and 

( = 1 on a neighborhood of £7, 

|||*V 0) III 2 + III*V 0) III 2 < c(Q(c*V 0) ,C*V 0) ) 

+Q(C*VV*V 0) ) + IMI 2 ) 

< C(Q(^99) + ||v9|| 2 ), 
which concludes the proof. □ 
Now we are in a position to prove the theorems of this section. 
Proof of Theorem 8.2. Suppose that / G J q {xo) and f = p. Then, if 

<peA p b ' q nCS°(U'n£i), 

(IK*-VII^) 2 < c(l/C*V fc) l^i + l/C* + ^g_p 

< c(Q(caL*V^,CaL*V' i) ) + ||AL*V h) f) 

< c(Q b (c* + <p,c* + <p) + m + <p\\ b ) 2 ), 

so that p G Tq(xo). 

Next, assume that p G J+(xo) and that / = p. Then if 

ip G A p ' q n C °°(C/ fl Sl) n {domain of 8*}, 

we have 

|||/C*VIII 2 < c(||/C*V ft) l* + l/C*VlU) 

< c(|| P c* + ^lti + IMI 2 ) 

e 2 

< C(Q b ((A-^ + <p, (A'^+ip) + |M| 2 ) 



+ ^( C7 jTCA-5* + (/ p j ,CA-5* + ^j) 6 + ||^|| 2 ). 



/J 
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To estimate the last two terms above we proceed as follows. For i < n, 

d 

= 2 (Q^ A tJn L if, L%<P) + ^ror 

< C(l ( A tJnLiL n (p, Lnp)\ + | (A^TLw, Lnp)\ + error 

< c(Q(<^) + IMI 2 ), 

since Aj^Lj and A _1 T are tangential pseudo differential operators of order 
zero. The error terms can be estimated since [-§p,Li] is a tangential first order 
operator. Finally, setting P = (Q 2 TA^ l {^ + ) 2 we have 

J2(cuTCA'^ + ^i,CA-^ + ^j) b = Y.( c u P Vi^j) b + error 
IJ IJ 

< \j2(cijPw,Pvj) b \ 

+i ^2(cu ( pi, ( pj) b \ + err ° r 
u 

< C(Q(Pp,Pp) + Q(p,ip) + \\ip\\ 2 ) 

< C(Q(<p,<p) + \\<p\\ 2 ), 

which concludes the proof of the theorem. □ 

Proof of Theorem 8.3. Assume that the condition (SL + ) g holds in U DM. 
Let tp be a (p, g)-form that satisfies Dip = a with a € L2 and the restriction 
of a to U n $1 in C°°(U nfi). We will show that the restriction of <p to U n J) 
is in C°°(U fl fi). First we establish the following a priori estimate for the 
tangential derivatives of ip. Given s £ i and £0, Ci £ C^(U fl fj) with Ci = 1 
on the support of Co> there exists a constant C s such that 

(*)tan IICOVIU < C s (||Cia|U + |M|), 

for all ip e A p ' q n {domain of 5*}. Now let (' G Cg^U' n 0) with C' = 1 
on U n fi. We will abuse notation and use ip to denote both an d V! it 
will be clear from the context which is which and the errors committed will be 
controlled as in Section 7. Again we set ip = ip^ + <p(°\ Since <p° = on M, 

|||W 0) | s+ 2<C s (|Cia^ (0) | s + lb (0) ll) 

and 

□<^(°) = Dip — DipW = a + Pip, 

where P\ is a tangential pseudodifferential operator of order one. Since the 
above inequality holds for all suitable pairs £0, (1 we deduce that 

|||Co^ {0) lll, + 2<C s (|||Cia||| s + |M|). 
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Then, Lemma 8.6 implies that 

I*-Coy|IU+2 + |* Co¥>IL+2 < C s (|||a||| s + \\<p\\). 
Hence, in order to prove (*)tan, it will suffice to prove 

(**)tan |||* + C0^||| s <C s (||H|| s + ||^||). 

Now, following the argumentation of Section 7, in order to simplify the formu- 
las, we denote by C and C$ constants which may differ in different lines: 

\W + Co^ h) \f s < c((||*%0lti) 2 + IMI 2 ) 

< c((||log(A tan )i? s -^+0|| 6 ) 2 + |M| 2 ) 

< 5 2 Q b (CiR s -^ + ip, hR s -^ + <p) + C 5 |M| 2 

(n— 1 
i 



U 



/ n 

< C5 2 [Y,\\UCiR s * + v\? 

^ 1 

+ E / cuTdR^+wbR^+pjds) +C S \H 2 

jjJM J 

< C5 2 Q(( 1 R s y + v ,(iR s y + <p) + C s y\\ 2 

< C5 2 (R s y + ( ia , CiiT^V) + C<5lM| 2 - 

The estimate (*) tan then follows and implies the next inequalities: 

l|:«bv)l.-i<c(|Cia|. + |b||) 

and 

Qk+2 fk g j \ 

l^(G*0l.-*-2 <c(E I^CCia)!.-,- + IMlJ , 
for integers fc > 0. The first inequality follows from 

|||:(Co^ll 2 < ||Z ft (Co^)ll 2 + l|T(Co^)ll 2 

< C(Q(Co^Co^) + lllCo^ll| 2 + ll^l| 2 ), 

and is then obtained by substituting A.l~^ip for (p. The second inequality is 
obtained as follows. Since □ is elliptic we can solve the equation □ 92 = a for 
the second derivatives with respect to r: 

^=5>a*+X>, +E«/ ^+ fi -t order. 
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The second inequality is then obtained by applying Co^tarf -2 Jpr to the above 
equation and taking L2 norms. 

Using elliptic regularization one sees that all partial derivatives of are 
square-integrable and the theorem follows. □ 

Appendix 

Here we will recall briefly the notion of ideal finite type and the explicit 
expressions for subelliptic multipliers as introduced in [K2] and [K3]; this ma- 
terial is also explained in [DK]. Given an (n — l)-tuple p±, . . . ,p n -i of germs 
of C°° functions at x Q 6 M we denote by M(pi, . . . , p n -i) the 
(n — 1) x 2(n — 1) matrix defined by 



M(pi, • • • ,Pn-l) = 



/ en 


C12 




\ 


C21 


C22 


C2,n-1 




Cn-1,1 


CVi-1,2 


C71— l,n— 1 




Lipi 


L2P1 


L n -ipi 




L1P2 


L2P2 


L n P2 




\Lipn-i 


I>2pn-\ ■ 


■ Ln-lPn-1 


) 



Theorem 8.7. If M is a pseudoconvex CR manifold of dimension 2n — l 
and if x £ M then the Z+{x ) have the following properties: 

A. Z+(x ) is an ideal. 

B. The real radical ofZ+(x Q ), denoted by^Zq (x D ), is contained inZ+{x Q ). 

The ideal ^ Zq (x ) consists of all germs g such that there exist f G Z+(x ) and 
meZ with\g\ m <\f\. 

C. Det n_9_1 A4(pi, . . . , Pn-i) ^ s the ideal generated by the 

(n - q - 1) x (n - q - 1) 
subdeterminants of M.(p\, ■ ■ ■ ,p n -±). If pi G Z+(x ) then 
Vet n - q - 1 M(p l ,..., Pn - 1 )(lZ+(x ). 

Definition 8.8. The ideals Z^ k {x Q ) are defined by induction on k as fol- 
lows: 

Z+.ixo) = ^Det^-'MiO,...^), 
Zlfc+i(*o)= fl(zj*(*°)> Det"-'- 1 ^^!,...,^-!) with Pi G Zj fc (z )). 
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Here yA,B,C, • • -J denotes the ideal generated by {.4, U B U C U • • •}. 
The ideals I qk (x ) are defined by setting Z qk {x ) = 1^_ q _ lk {x ). We set 

Remark. It then follows that Z qk (x ) C Z q {x ), Z qk {x ) C Z q (x Q ), and 
l q ,k( x o) C Iq(x ). Furthermore, I+ k (x )cI+ +ltk (x ) &ndl q k (x )Dl q+l k (x ), 
so that 2 q)k (x ) = l+ k (x ), where m = min{q, n - q - 1}. 

Definition 8.9. If O is a pseudoconvex domain in a hermitian manifold 
X with a smooth boundary M then x D G M is of /mife idea/ q-type (for 3) if 
1 £ Z qk (x Q ) for some fe. If M is a pseudoconvex CR manifold and x G M 
then x G M is of /imie idea/ q-type (for if 1 G T q ^{x ) for some fc. 

Thus, both for domains and CR manifolds finite ideal g-type implies that 
subellipticity holds for (p, g)-forms. The question is whether this condition 
is also necessary. For domains in two-dimensional manifolds, necessity was 
proved by Greiner (see [G]). In this case the ideal finite type condition can be 
expressed in terms of commutators of vector fields. The proof is easily gener- 
alized to the case when the matrix (cjj) is diagonalizable in a neighborhood of 
x . It also can be easily generalized to CR manifolds for which both matrices 
(cjj) and (cjiji) can be diagonalized in a neighborhood of x . In case the 
defining function for the boundary M is real analytic the results of Diederich 
and Fornaess (see [DF]) were used in [K2] to prove that finite ideal type is 
equivalent to subellipticity. In the general case Catlin proved that subelliptic- 
ity is equivalent to finite D'Angelo type (see [C] and [D]). Thus the problem is 
to prove that finite D'Angelo type is equivalent to finite ideal type. 

Princeton University, Princeton, NJ 
E-mail address: kohn@princeton.edu 
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